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The long wave-length dynamics and stability of a bed of sand occupying the lower segment of a circular
pipe are studied analytically up to first-order in the small parameter characterizing the slope of the bed.
The bed is assumed to be at rest, with at most a thin sand layer (the bedload) moving at the sheared
interface. When the sand bed is plane, with depth independent of position z along the axis of the pipe,
the velocity of the liquid is known from previous studies of stratified laminar flow of two Newtonian
liquids (the lower one with infinite viscosity representing the sand bed). When the depth of the sand
bed varies with z, secondary flows develop in the cross-sectional (x, y) plane, and these are computed
numerically, assuming that the sand bed remains a straight horizontal line in the cross-sectional plane.
The mean shear stress acting on the perturbed sand bed is then determined both from the computed sec-
ondary flows and by means of the averaged equations of Luchini and Charru. The latter approach requires
knowledge only of the flow over the unperturbed, flat sand bed, combined with an accurate approxima-
tion of the distribution of the perturbed stresses between the pipe wall and the sand bed. The perturbed
stresses determined by the two methods agree well with each other. Using these stresses, it is then pos-
sible to apply standard theories of bed stability to determine the balance between the destabilizing effect
of inertial (out-of-phase) stresses and the stabilizing effects of gravity and relaxation of the particle flux,

and various examples are considered.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The transport of sand/water slurries along a horizontal pipeline
is of commercial importance, and has therefore been the sub-
ject of many studies, reviewed by e.g., Peker and Helvac1 (2008);
Goharzadeh et al. (2013); and Soepyan et al. (2014). The predic-
tion and control of transport (or settling) of entrained sand in
petroleum pipelines is similarly important (Salama, 2000).

At high fluid velocities the particles are suspended and flow
with the fluid. However, at low velocities the particles (if denser
than the fluid) sediment under gravity, and a stationary bed of par-
ticles forms on the lower side of the pipe (Turian et al., 1987). Our
interest here lies in the regime of moderate fluid shear stress on
the bed, when particles at the bed surface are slowly entrained
into a thin moving layer (e.g., Oroskar and Turian, 1980; Takahashi
and Masuyama, 1991; Doron and Barnea, 1995, 1996; Turian et al.,
1987; Peysson et al., 2009). This moving layer (the bedload layer)
has a thickness of just a few particle diameters.
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Many studies have concentrated on the flow rates of the sand
and water as functions of the applied pressure gradient (e.g., Doron
et al, 1987; Kuru et al, 1995; Ouriemi et al., 2009a). However,
a crucial issue for bedload transport is the shear stress exerted
by the fluid flow over the bed: this stress determines the parti-
cle flow rate. The upper surface of the bed is usually wavy (rather
than plane), so that the shear stress and particle flow rate are
non-uniform in the streamwise direction, leading to the propaga-
tion of a complex pattern of sand waves, see e.g., the review by
Charru et al. (2013). These waves are of both scientific and engi-
neering interest: ripples and dunes are known to have strong con-
sequences on flow rates and pressure gradients (Takahashi et al.,
1989; Takahashi and Masuyama, 1991; Ouriemi et al., 2009b; Al-
Lababidi et al., 2012).

The aim of this paper is to provide a set of area-averaged equa-
tions governing slow variations of the fluid flow and sand bed,
consistent up to first-order in the small-slope parameter. We then
use these equations to analyze the linear stability of the bed. The
analysis is restricted to laminar flow, with the usual quasistatic as-
sumption that the time scale for bed height variations is long com-
pared to the hydrodynamic time scale, so that the flow may be
calculated as if the bed profile were fixed.
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We first (Section 2) discuss the velocity profile and shear
stresses in fluid flowing through a pipe in which the sand bed
is uniform along the length of the pipe. When the height of the
sand bed varies slowly in the axial direction, not only is there a
slow variation in the axial velocity of fluid along the pipe, but sec-
ondary flows are set up in the cross-section. Such flows are dis-
cussed in Section 3. In Section 4 we review a standard theory for
the movement of sand grains at the bed surface due to the hydro-
dynamic bed stress. In Section 5 we derive the set of area-averaged
equations for the fluid flow rate, particle flow rate and bed height,
assuming that the sand flux is a function of the mean stress av-
eraged over the width of the bed (the detailed stress distribution
is ignored). The equations are based on the analysis of Luchini
and Charru (2010a) of slowly-varying laminar flows which appeals
to the stationarity of the viscous dissipation term in the energy
equation, combined with the approximation that the ratio of the
shear force acting on the bed to the shear force acting on the wet-
ted wall of the pipe is the same at first-order as at zeroth-order.
These equations, although consistent up to the first-order in the
small-slope parameter, require only the parallel-flow analytical re-
sults (i.e., they do not require the calculation of the first-order flow
disturbance over the slowly-varying sand bed). The validity of this
analysis is confirmed by comparison with the full first-order nu-
merical results presented in Section 3. As an illustration of the use
of the area-integrated equations, a stability analysis of the plane
bed is performed in Section 6.

The analysis is restricted to Newtonian fluids, and therefore is
inappropriate for either concentrated slurries of particles or for
non-Newtonian crude petroleum: however, it is a useful starting
point even for such for fluids. The Reynolds number will be re-
quired to be sufficiently low for the basic flow within the pipe
to be laminar, but, as is standard in long wavelength analysis of
nearly parallel flow, the Reynolds number need not be small com-
pared to unity (as will be discussed in Section 3). The regime that
we shall investigate is that in which particles at the surface of the
sand bed are just starting to move due to the stress imposed on
them by the fluid flowing above them in the pipe. Thus the analy-
sis applies to a restricted range of flow rates which is, nevertheless,
an important one, since it separates the regime in which the bed
is at rest (growing slowly if further particles are deposited) from
that in which the particle bed starts to be eroded (as would be
required for cleaning out the pipe). We shall re-visit these restric-
tions in Section 7, where they can be made explicit in terms of the
analysis of Sections 2-6.

2. Liquid flow through a pipe with a uniform sand bed

The geometry that we consider is shown in Fig. 1. The pipe has
radius R. A bed of sand at the base of the pipe subtends an angle
268, at the center of the pipe, and has a plane, horizontal upper
surface AEC. The upper part of the pipe is occupied by liquid, and
the portion of the circular pipe wall that is wetted by liquid sub-
tends an angle 24, = 2(7r — §;,) at the center of the pipe.

We set up Cartesian coordinates, with z axis parallel to the axis
of the pipe and with (x, y) in the cross-sectional plane of the pipe.
The y axis is vertical, along the symmetry axis, and the x axis is
horizontal, joining the two triple points A and C where liquid, the
pipe wall and the sand bed meet (Fig. 1). We assume that the in-
terface between the sand bed and the liquid is plane, and that it
coincides with the x axis y = 0. We shall occasionally use cylin-
drical polar coordinates (r, ¥, z), with 1 = 0 directed along the y
axis.

The cross-sectional area A of the portion of pipe occupied by
liquid can be found by elementary methods, and is

A=R?(8w — 3 sin28y). (M

DAY

£
AW

B

Fig. 1. Cross-section of the pipe, with sand at the bottom, and liquid above. The
pipe has radius R and the maximum sand bed depth, EB, is h (3). The sand bed
width AEC has length C,, and the length of the wetted wall ADC is Cy (2).

In the cross-section, the length C, of the sand bed, and the length
Cw of the portion of the cylindrical wall wetted by liquid, are

G, = 2Rsiné,, Gy = 2Ry, (2)
The maximum height of the sand bed, at x =0, is

h=R(1 —cosé,) = R(1 + cosdy), (3)
and we note for future use that

0A aG,

=n = —Gp, 5 = —2COt Syy. (4)

Particle velocities in the bedload layer are much smaller than
the bulk fluid velocity, typically a fraction of the fluid velocity at a
distance of one particle diameter above the bed at rest. Hence it is
usual to calculate the fluid flow as if the wavy bottom were fixed
(Charru et al.,, 2013), and the errors introduced by this approxi-
mation are small. The liquid therefore satisfies a no-slip boundary
condition both at the bed/liquid interface and on the circular wall
of the pipe.

Flow of two fluids in such a geometry has been well studied
(Bentwich, 1964; Ranger and Davis, 1979; Brauner et al., 1996;
Biberg and Halvorsen, 2000), because of its importance when
pumping two fluids that have separated due to their density dif-
ference. If the viscosity of the lower fluid is taken to be infinite,
this lower fluid becomes stationary, and the flow of the upper fluid
corresponds to fluid flowing above a sand bed. We present a short
summary of the analysis and analytic predictions for this case of a
uniform flat bed in Appendix A. However, we shall eventually need
to use numerical methods, and it is convenient to do so even for
the simplest case of a uniform sand bed. The analytic results then
provide a useful check on the accuracy of the numerical scheme.

The liquid is assumed to be Newtonian and incompressible,
with density p and viscosity 7. If the bed of sand is uniform, the
liquid velocity w in the z direction satisfies

02 02

- + = |w=-G/n, 5
<8x2 + 8y2> /n (5)
where —G < 0 is the axial pressure gradient. We solved the Poisson
Eq. (5), subject to a no slip condition at the boundaries, by means
of the finite element package FreeFem++ (Hecht, 2012). By way of
example, Fig. 2 shows isolines of the velocity w(x,y), normalized
by Q/R? where Q is the volumetric flow rate, for the case h/R = 0.5.
Note that the maximum velocity is greater than the value 2/ for
h/R =0, as expected.



L. Girolami et al./International Journal of Multiphase Flow 81 (2016) 113-129 115

Fig. 2. Velocity field w(x, y) normalized by Q/R?> where Q is the flow rate, for h/R =
0.5. The FreeFem++ calculations used 24290 triangular elements.
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Fig. 3. Variation with h/R of the dimensionless flow rate 0= Q/(GR*/n). (o), nu-
merical solution; (—), analytical solution (7); (- -), asymptotic solution (115).

The computed dimensionless flow rate

Q

Q= crirr

Q= /A wds, 6)

is shown in Fig. 3 as a function of h/R. This can be compared
against the analytic result obtained by Ranger and Davis (1979),
which takes the form

Sw sin2é, sin4d,

A _ w2 &Ow A ROw .4
Q0w) = o7 og — Sin’dul (7)
a
0.8
0.6
&
Q04
&
0.2¢

X/R

(8)

/C’O w3 coshwd,, dw
0o sinhwdy sinh? wrr
Details are given in Appendix A.2, and the finite element computa-

tions are accurate to within 0.02%. In the Appendix it is also shown
that the integral I (8) is closely approximated by

1 8, 8 8
65, T90 " 1890 T 14175 T -

When this approximation is inserted into the expression (7) for Q,
the errors are less than 0.34% for all §,,. The height h of the sand
bed is related to the angle §,, by the relation (3), and from now on
we shall consider Q to be a function of h, rather than of . It is
shown in Eq. (115) of A.2, that O ~ (2 — h/R)7/2 as h — 2R, as can
be seen in Fig. 3.

The shear stress tj, = 1y, over the sand bed C,, and the shear
stress Ty = Tr; over the wetted wall C, of the cylinder, are non-
uniform. Computational results for these shear stresses, normal-
ized by GR, are shown in Fig. 4. For h/R = 0.25 (small sand con-
tent), the bed shear stress t; varies strongly, with maximum value
larger than JGR; 7 is nearly uniform and close to the value 1GR
(the classical value for Poiseuille flow), and decreases sharply as
the sand bed is approached (|| < éw). For higher sand content
(h/R=1 and h/R =1.75), both stresses are smaller than at low
sand content, as expected (increasing bed height at constant pres-
sure gradient corresponds to decreasing flow rate).

We shall later need the average shear stresses over the sand
bed and wetted wall:

?bz—f T, dX, *chﬁf Ty di. (10)
w

These mean shear stresses are discussed by Biberg and Halvorsen
(2000) and details are given in Appendix A.3. In particular, on the
sand bed,

+ 8w <L 7TT. (9)

I~ Ismall =

_  GR?(sin®$8, sin26,

= q,( 5, 2 (n
and on the wetted wall

_ GR? sin’ 8.,

Tw = CW((SW— 5, . (12)

Variations with h/R of T) and T, are shown in Fig. 5. For h/R =0,
the classical value %GR is recovered. As the bed thickness in-
creases, the stresses decrease (as does the flow rate), except for
small h/R where T, first slightly increases.

The mean liquid velocity w in the pipe is

_ Q1
W_K_E/Awds. (13)
b
0.5
0.4
<
©o03
<
0.2
0.1f //""\\\
91 -0.5 O 0.5 1
y/n

Fig. 4. Distribution of the shear stresses along the boundaries: (a), T, on the bed; (b), 7,, on the pipe wall. (o), h/R =0.25; (A), h/R =1; (%), h/R =1.75.
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0 0.5 1 1.5 2
h/R

Fig. 5. Variation with h/R of the mean shear stresses (10) T), (o) and T, (A), nor-
malised by GR. Symbols, numerical solution; (—), analytical solutions (11) and (12).
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Fig. 6. Variations with h/R of the shape factors « (o) (14) and B () (16) of the
velocity profile w(x, y), normalized by ons = 4/3 and Bys = 2, their values for h/R =
0. Symbols, numerical solution; (—), fits (15) and (17).

The stability analysis of Section 6 requires the shape factor o of
the profile of w2 over the cross section, i.e.,

1
a=— [ wAdS. (14)
Aw” Ja
Results for «, scaled by the value o, =4/3 for a pipe with no
sand, are shown in Fig. 6 as a function of h/R. They vary little over
the entire range of h, and may be approximated by

2
o h h
= 1+0.01 <R> +0.01 (R) ) (15)

The end point o (h =2R) =35/33 can be found analytically (Ap-
pendix A.5). Similarly, we shall require the shape factor g of the
profile of w3:

B= ,%/AWE} ds. (16)

Results for B, scaled by the value B,s = 2 for a pipe with no sand,
are shown in Fig. 6 and (like those for «) vary little over the entire
range of h. They are approximated by

2
% =1+0.021 (Z) +0.026<Z> ) (17)

The end point B(h = 2R) =490/429 can again be found analyti-
cally (Appendix A.5).

3. A slowly varying sand bed

We now consider a sand bed with a height h(z) that varies
slowly as a function of the axial position z. A first approximation
to the fluid velocity is given by the velocity w found in Section 2 at
the appropriate local value of the height h of the sand bed. How-
ever, secondary flows must be established in order to allow the

fluid velocity to evolve as it moves along the pipe. In particular,
the streamlines will no longer be parallel to the pipe axis, and in-
ertial effects are introduced: a standard example is Dean flow in a
helical pipe (Berger et al., 1983).

We follow the exposition of Manton (1971) who considers flow
through a circular pipe with diameter that varies slowly with po-
sition z along the pipe. The cross-sectional area of such a pipe
changes, but not the shape. A related problem of flow through a
pipe with an elliptical cross-section is studied by Todd (1977). The
aspect ratio of the ellipse remains constant, but the ellipse axes
rotate with position along the pipe. Thus the cross-sectional area
of pipe remains constant, but the shape changes. In the partially
sand-filled pipe considered here, both the shape and area of the
cross-section change with position along the pipe.

In this Section, we choose the pipe radius R, the velocity W =
Q/R? and the stress nW/R as the length, velocity and pressure
scales, respectively. Since the flow rate is constant along the pipe
due to incompressibility, these scales are constant too, unlike the
pressure gradient which varies slowly. The steady non-dimensional
Navier-Stokes equations are

Re(u.V)u= —-Vp + Vu, (18)
where
PRW — pQ
Re=—-="= (19
n Rn )

is the Reynolds number.

We now assume that changes in the z direction (along the pipe
axis) occur slowly over a lengthscale O(R/¢), where € « 1 is a typ-
ical bed slope. Since W = Q/R? is a typical fluid velocity in the
axial (z) direction, velocities in the (x, y) directions are O(e W) by
continuity, and inertial corrections to the axial velocity field are
O(WeRe). Thus, we follow (Manton, 1971) and seek an expansion
of the (dimensionless) fluid velocity and pressure in the form

u=u® Hu 4y fReu™ 4 ... (20a)

p= p(o) + h/p(ls) + h'Re p(]i) 4+, (ZOb)

where b’ = dh/dz is the local bed slope, u(® is the velocity in a
uniform pipe, Wu(1s) ~ O(¢) is a Stokes flow correction due to in-
compressibility, and h’Reu(!) ~ O(eRe) is the first inertial correc-
tion. Thus, as is usual in problems of nearly unidirectional flow,
we require only that eRe « 1 (subject, of course, to the Reynolds
number being sufficiently small to avoid transition to turbulence).

The leading order solution consists of an axial flow u©® =
(0,0, w®), where w, satisfies the equation

3p©
V2w© — %, 1)

where V,Z, is the (dimensionless) two-dimensional Laplace operator

02 9%
H™= 9x2 7 9y2”

We recover here the uniform flow problem discussed in
Section 2, Eq. (5), whose dimensional solution is given in Appendix
Al, Eq. (104), with pressure gradient G(Q) given by (112), or, in di-
mensionless form:

9p® X
‘a’z =-1/0. (23)

In the present case of non-uniform flow, slow variations of the bed
height along the pipe imply slow variations of Q (h/R) according to
(7), and therefore slow variations of the pressure gradient (23).

To find the Stokes flow correction u'® = (u(19), y(15) 0) associ-
ated with the slow changes in the z-direction of the velocity field

(22)
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Fig. 7. Isolines of the velocity gradient (h')~'0w®/dz, normalized by Q/R3, for
h/R = 0.5.

w©  we shall require the derivative dw(®)/3dz. One method to de-
termine dw(® /dz would be to differentiate the analytic expression
(104), holding (x, y) constant. However, the results are unwieldy,
and we again turn to numerical computation. Differentiating (21)
with respect to z and using (23), we find

23W(0) 3 92p© B h;dié
H 0z = 022~ g2dh’

where d(/dh is obtained in terms of dI/d8,, by differentiating (7).
The derivative dI/dd, can be obtained from the exact integral form
(8) for I. However, for computational purposes it is easier to differ-
entiate the approximate expression (9) for I. The resulting approxi-
mation for dQ/dh has relative errors of at most 1.3%. The boundary
conditions for (24) are

(24)

1 ow©®
W = 0 on Gy, (25a)
(0)
=— 8‘3/}/ on Cp,. (25Db)

Thus dw(®/9z satisfies a Poisson equation (24), and could be
found by methods similar to those used in Appendix A to ob-
tain w. However, we again choose to solve (24) by means of the
finite element package FreeFem++. Fig. 7 shows (h/)flaw(‘))/az.
For positive bed slope, the flow is accelerated, except close to the
bed where it slows down due to the approach of the no-slip bed
boundary at which the fluid velocity is zero.

At O(e), the Navier-Stokes equations become

ap(1s) aps
0x

Vau® = . VA9 = T (26)

with incompressibility in the (x, y) plane replaced by the forced

equation

ous  gys 1 ow©®
ax dy W oz

We require u’) = p(19) = 0 on the boundary, which is consistent

with (27) since incompressibility imposes that the integral

Jw(©
A 0z

(27)

(28)

over the cross-sectional area A of the liquid is zero. The above
equations for the Stokes corrections u('®) and p(1s) were solved nu-
merically by means of FreeFem++, and typical results for the ve-
locities u(1$) and v(1®) are shown in Fig. 8. The vertical component
v(19) is positive and much larger than u('$), so that, for h’ > 0, the
flow is predominantly upwards (no eddies). Close to the bed, the
direction of the horizontal Stokes correction (and shear stress) de-
pends on the bed height: for h/R < 1, the fluid pushed upwards

by the rising bed (h’ > 0) flows into the corners, so as to move
sand grains from the center of the bed towards the walls (Fig. 8a),
whereas for h/R > 1, the directions are reversed (Fig. 8c), with the
transition between the two behaviors at h/R = 1.

Pressure gradients in the (x, y) plane are O(eG). The non-
uniform pressure p(!) over the (x, y) plane varies slowly in the z
direction, leading to axial pressure gradients that are non-uniform
over the (x, y) plane only at O(e2 G). They can therefore be ne-
glected at the order to which we are working.

We now consider inertial effects. In particular, we shall require
the inertial correction w() to the axial velocity, which satisfies

awO® WO GO
+v1 —— ¢
ay W 0z

V2 _ ap™ D) Iw®
H 0z ox

(29)
with boundary condition w(!) =0 on both the pipe wall and the
surface of the sand bed. Once again, incompressibility implies that
the volumetric flow rate Q is fixed, and so the pressure gradient
ap19/3z in (29) must be chosen in such a way that the integral

/A wd ds (30)

is zero. An easy way to achieve this is first to solve (29) for w[()“)

with dp(1)/3z = 0, and then to correct the volumetric flow rate by
picking the pressure gradient to be

apt G R (1i) 1 (1i)
v ‘GW/AW" ds_a/AWO ds. (31)

(As discussed above, the axial pressure gradient related to the
Stokes secondary flow, dp(15)/dz, is of higher order.) The corre-
sponding axial velocity is

w1 = Wl — w© / wi'V ds. (32)
A

Fig. 9 shows a typical velocity field for w1, The correction is neg-
ative in the core of the pipe, corresponding to the retarding effect
of inertia in an accelerating flow, and positive near the boundaries
in order to satisfy the zero net flux condition.

The dimensional shear stress on the sand bed and on the pipe
wall can be written as

%(r(o) +hRet™) = GRQ(@ + h'Re V) (33)

where 7(® and t(1) are non-dimensional stresses corresponding
to the non-dimensional velocities w(® and w(1). However, stresses
scaled by nW/R = GRQ become infinite as the bed fills with sand
(i.e., as h — 2R), in the same way as the non-dimensional unper-
turbed pressure gradient 1/Q becomes infinite when h — 2R with
the flow rate Q held constant. It is therefore more convenient to
discuss the inertial stresses scaled by GR, rather than by GRQ. This
scaling, used previously in Figs. 4 and 5, allows us to directly com-
pare the O(Re) stress perturbations with the stresses in the unper-
turbed flow. )

The bed shear stress rb(“) varies with position x across the bed,

as does the wall shear stress rvf,“) on the pipe wall. These varia-
tions are shown in Fig. 10 for various values of h/R, and are clearly
related to the variations in axial velocity shown in Fig. 9.

The mean, scaled stress perturbation, averaged over the surface
of the sand bed, is

= _ 1 / (1)
TV = — [ W dx (34)
b Cb G b
and the mean, scaled stress over the wetted surface of the pipe is

7 = CE/ TV dy. (35)

w w
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Fig. 8. Stokes correction to the parallel flow w(®. (a) and (b), isolines of u's) and v(*), for h/R = 0.5; (c) and (d),

corresponding to (a,b) and (c,d).

These mean stresses, together with the pressure gradient dp(1/3z,
are shown in Fig. 11. When the bed thickness h is small, the area of
the bed increases as h32: the mean inertial bed and wall stresses,
and the inertial pressure gradient, are all small. When h — 2R
and the bed is nearly full of sand, it is shown in Eq. (148) of
Appendix A.5 that the stresses ?,51) and ?5\}) are equal and de-
crease as (2 — h/R)/2, whereas the perturbation pressure gradient
ap1/9z diverges as (2 — h/R)~1/2, as shown in Eq. (146). We see
from Fig. 11 that there is good agreement between the FreeFem++
numerical computations of the perturbed stresses and the asymp-
totic expressions when 2 — h/R « 1. When FreeFem++ was used in
Section 2 to determine the fluid velocity w(® above a uniform

N
L S N A NN

u) and v for h/R = 1.5; (e) and (f), velocity vectors

sand bed, we could assess the accuracy of the results by com-
paring them against the analysis of Appendices A.1-A.3. In gen-
eral we have no analytic results by which we might assess the
accuracy of the computed inertial corrections (other than in the
limit 2 — h/R « 1). However, taking h/R = 0.5 as an example, we
note that a reduction of the number of triangular elements used
by FreeFem++ from 24290 to 6182 changed the computed iner-
tial pressure gradient and mean wall and bed stresses by less than
0.06%.

Finally, we consider the ratio of the inertial force on the sand
bed to the total inertial force on the bed and wetted cylinder
wall,
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Fig. 9. Isolines of the inertial correction w: (a), h/R = 0.5; (b), h/R = 1.5.
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Fig. 10. Variation in the cross-section of the pipe of the inertial shear stresses, scaled by h’Re GR. (a), across the bed; (b), on the pipe wall. (o), h/R = 0.25; (&), h/R =1; (x),
h/R =1.75.
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Fig. 11. Variations with h/R of the inertial corrections. (a) Mean shear stresses scaled by h'Re GR: A, computed bed stress ?,‘J” (34); o, computed wall stress ?‘(A}’ (35); (=-),
asymptotic prediction (148) for 8,, <« 1. (b) Pressure gradient dp(V)/dz scaled by h'Re G: (=), computed (31); (——), asymptotic prediction (146) for 8, < 1.

bel()l) Fig. 12(a) shows that the ratios (36) and (37) remain close indeed,
(36) over the whole range of h/R. It can be seen that as h/R tends

to 2, both force ratios tend to 0.5: in this limit the geometry is
) ) . approaching that of a long narrow slot, for which we know that
and compare this to the ratio of the Stokes forces, i.e., by (11) and the stresses on the top and bottom are equal (Luchini and Charru,
(12), 2010a), hence the ratio 0.5. This result is also consistent with the
analytic results (130) for the unperturbed flow (A.3), and (148)
for the inertial perturbation (A.5). A more quantitative demonstra-
tion of the closeness of the force ratios is obtained from Fig. 12(b)

GT) + Gty

Gty 2sin® 8y — 8w sin28,

= ; (37)
begﬁ) + Cw?\(n(/)) 2682, — 8y sin28,,
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Fig. 12. (a) Variation with h/R of the inertial perturbed force ratio (36) (——), and unperturbed force ratio (37) (—). (b) Variation with h/R of the ratio of the force ratios (38).

which displays the ratio of (36) to (37),
Tl

GT" +CuTy)

GTy) +CaTy
Gt

) (38)

as a function of h/R. We see that it is close to one over the whole
range of h/R. Thus, strikingly, the ratio of the mean inertial stress
on the bed to that on the wall can be accurately estimated from
the leading-order calculations.

4. Sand transport

We first review the theory of sand transport under a plane
flow, i.e. for fluid flow in the z-direction above a plane sand bed
y =0, with no variation in the spanwise x-direction, as discussed
by Charru et al. (2013). We assume that the sand particles are
spherical, with diameter d, density pp, and Stokes sedimentation
velocity

(pp — p)gd?
187 ’

where g is the acceleration due to gravity.

It is known from experiment that sand particles on the bed sur-
face do not move unless the shear stress t; acting on the bed ex-
ceeds a critical value, i.e., unless

Tp
Q—=—_—_b
(op — p)gd

where the dimensionless bed shear stress 6 is known as the
Shields number. For a horizontal bed, the critical Shields number
6 = 6,9 ~ 0.12 (Charru et al., 2004; Ouriemi et al., 2009a). For a
non-zero bed slope dh/dz, gravity pulls the grains downhill, and
this effect may be included by modifying the critical Shields num-
ber to

oh
O = 9m<1 + cot(x)az>,

Vian = (39)

> 9[, (40)

(41)

where x ~ 25° is the effective friction angle of the grains (Fredsge,
1974).

If & > 6; the grains move, and there is a flux q of grains in the
flowing bedload (per unit length in the x direction). When equilib-
rium is achieved, the volume flux g of the particles (per unit bed
width) saturates to Charru et al. (2004)

3\ Vi,
(sat = % <7TG> 52“ 9(9 —Qt), 9[ < '9,

(42a)

=0, 0<06 <6, (42b)

with ¢g = 0.85 in the experiments and where the inclusion of the
bed solid volume fraction (1 —¢) slightly simplifies the subse-
quent equations.

If the wall shear stress t, varies in time or space, the parti-
cle flux g differs from the local equilibrium value, though usually
not by much. The relaxation of the particle flux towards the new
equilibrium can therefore be described by a linear equation

a a
Tsatj + Lsatj = ant(Tb) —-q, (43)

Jat 0z
where t is time, Ts5¢ is the saturation time and Lsy the saturation
length. The saturation time scale Tsy¢ is rapid (typically 1 s) com-
pared to the timescale for the growth of instabilities of the bed:
we therefore set this term to zero, so that

0
Lsat% = qsat(fb) —q. (44)
The concept of a saturation length L, dates back to Bagnold (1941,
1979) (see e.g., Andreotti et al., 2013). The saturation length Lgs is
poorly characterized. Following Charru (2006) we assume that it is
given by the deposition length

d
Lsat = CLL d

, (45)
Vian

with ¢, = 1.5 from the experiments of Charru et al. (2004) and
where y is the shear rate at the bed. Finally, mass conservation
of the layer of moving grains (known as the Exner equation) gives
(for plane flow),

oh  0q
— 4+ — =
at = 0z

For the present case of pipe flow, both the shear stress on the
bed and the particle flux vary in the spanwise x-direction. Never-
theless, to be consistent with the simplification that the interface
between the sand bed and the liquid is plane, we assume that the
dependence of the mean particle flux in the z-direction, gg,, on
the mean shear stress T, is still given by (42), i.e., Gsat = Gsat(Tp)-
Then, for pipe flow, the mass conservation Eq. (46) becomes

0A N 9(Gyq) _o. (47)

0. (46)

at 0z
or, using Eqs. (2)-(4),

oh 97 W cotd,
ot 0z Rsinéwq_’

(48)

where h’ = 0h/0z is the bed slope. The last term in (48) accounts
for the variation of C, with h (or ). Note that this term is zero
for a half-filled pipe (6w = 7 /2).
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5. Area-averaged equations

As in Section 3, we nondimensionalize lengths by R, velocities
by W = Q/R2, stresses by nW/R =nQ/R3, and time by R3/Q, and
use the Reynolds number Re = pWR/n (19). We still assume that
the surface of the perturbed bed remains horizontal in the cross-
sectional (x, y) plane, so that the bed height h is a function only of
the z-coordinate along the axis of the pipe.

5.1. Consistent area-averaged equations

Averaging the conservation equations over the section of the
pipe provides a useful set of simplified equations governing the
slow variations of two-phase flows, see e.g, Lin and Hanratty
(1986). Such equations are widely used in engineering applications.
However, the averaging process loses information, so that some
closure law for the shear stress must be introduced. The closure
law may be empirical, or taken from the calculation of the first-
order correction of the leading-order parallel flow, using an expan-
sion of the dependent variables in terms of the small-slope pa-
rameter € = h’. We follow here an alternative method proposed
by Luchini and Charru (2010a, 2010b), which provides consistent
equations (correct to first-order) without the need for full first-
order calculations. However, a difficulty arises in the pipe flow
considered here because the method of Luchini and Charru gives
the total integral of the boundary shear stress acting on the fluid
but is unable to distinguish the separate contributions of the wall
and bed stresses. The separation of these two contributions will be
handled by an approximation discussed in Section 5.2.

The equations of continuity, axial momentum, and kinetic en-
ergy, when averaged over the cross-sectional area A of the liquid,
are

9
- /AwdS —o, (49)

0 0 2 e ap _ _
ReﬁwadeLRe&/Aw dS_—/A&dS—CWtW—CbIb, (50)
and

&3/ 2ds+RE3/w s = — /w@ds F, (51)

2 ot

where

Fz—/u.VzudS=/(Vu) . (Vu)ds (52)
A A

is the rate of dissipation of energy per unit length of the pipe.

At leading order in the small-slope parameter €, Eqs. (49)-(51)
are satisfied by uniaxial flow with velocity w(® over a sand bed
of uniform depth h equal to the local bed depth, as discussed in
Section 2. We now seek corrections to this flow caused by slow
O(€) changes in the bed depth. When working to O(¢), it suffices
to approximate the integrals on the left-hand sides of Egs. (49)-
(51) by an integral of the steady axial velocity w© at the local
bed depth h and local volumetric flow rate,

_ 1
— (0)
w= /AW ds (53)

together with shape coefficients « (14) and B (16) of the unper-
turbed velocity profile:

__1 )2 __1 / )3
o =, (w®)"ds, B — ), (W) ds. (54)
Note that changes in the bed height h(z, t) with time lead to
changes in the local volumetric volume flow rate, so that WA is
not necessarily equal to 1.

We saw in Section 3 that dp/dz is a function only of z at O(¢)
and is independent of (x, y), and can therefore be taken outside the

integrals on the right-hand sides of Eqs. (50)-(51
Eqgs. (49)-(51) therefore simplify to

). The averaged

dA  d(AW)

ot e, =0 (55)
d0(AW) | o0 QA AW? 9

Re (8t ) ( %2 ) =-A 8p CoTw — G T, (56)

and

Re (¢AW’) Re d(BAW’) -

2 9t T2 8z - Wy (57)

correct to O(¢€).

Any attempt to work solely with the averaged equations of con-
tinuity (55) and momentum (56) to determine variations in the
pressure gradient requires some semi-empirical closure law for the
shear stresses in (56), and such closure laws do not usually cor-
rectly capture the O(¢) change in the stress. For example, the re-
sulting dispersion relation for free surface waves of infinitesimal
amplitude is wrong (Luchini and Charru, 2010a). The shear stresses
on our bed of sand in a pipe may be obtained, of course, from
the O(€¢) calculations of Section 2. However, Luchini and Charru
(2010a) showed that if we appeal to the averaged energy Eq. (57)
in addition to the averaged equations of continuity (55) and mo-
mentum (56), the equations yield the pressure gradient and to-
tal shear force at the wall, correct to O(¢). The analysis relies on
the fact that the rate of energy dissipation in a bounded domain
with specified boundary conditions is minimized by the Stokes
flow satisfying the boundary conditions, so that the O(e) pertur-
bation to the dissipation F on the right hand side of (57) is zero.
To see this explicitly, we first note that V2 = 82 + V2, where V3
is the Laplace operator in the cross-sectional (x, y) plane and dZu
is O(e?). Contributions to F from the velocity components in the
cross-sectional plane are similarly O(e2). We consider an axial ve-
locity field w = w(® + §w, where Sw satisfies the no-slip boundary
condition on the pipe walls and sand bed surface, and has cross-
sectional average [, wdS =0, by (53). The dissipation F (52) can
therefore be expressed as

F= / [Viw©® . Vuw® + 2V, 5w.V,w®]dS + 0(e?)
A
_ / [WOVZWO 4 25wVAw®]dS + 0(e?)

= —WLS +0(e?), (58)

since V2w(©® =9p©®/9z is uniform over the cross-section of the
pipe. Thus, up to first-order, the dissipation rate depends only on
the leading-order parallel-flow solution, so that the pressure gradi-
ent up to first-order is provided by the kinetic-energy Eq. (57) and
the leading-order parallel flow.

We now have three equations (55)-(57), valid to O(e), for w,
dp/dz and for the total shear force CyTw + C,T) on the boundary
of the fluid. However, the motion of particles on the surface of the
bed of sand depends upon t,, and not on the total shear force
CwTw +CpTp. An approximation that allows us to obtain T, from
CwTw + C,T ), will be discussed in the next section.

5.2. Simplifying approximations

5.2.1. Quasi-static flow

A general feature of the dynamics of sand beds is that the
time scale for evolution of the bed is much larger than that for
changes in the flowing fluid. The fluid flow can therefore be re-
garded as quasistatic, and all time derivatives in the fluid equations
neglected. The averaged equation of continuity (55) simplifies to
become

Aw=1 (59)
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so that the volumetric flow rate is uniform along the pipe (and
equal to unity with our choice of the velocity and length scales).

The shape factors @ and B and are well-fitted by the correla-
tions (15) and (17) shown in Fig. 6 and vary only slowly with h.
Since h varies only slowly with z, the variation of & and 8 with z
is very slow indeed, and can be neglected. As a result, these shape
factors can be moved outside the derivatives in (56) and (57), and
when the time derivatives are neglected due to quasi-static flow,
these equations become

ow d _ _
Rex 7= —Aa—g —CwTw —GTps (60)
dp _9p®@  Re dw’
2=z Paar (61)

To obtain Eq. (60) a term W%—‘j has been assumed negligibly small
compared to o 2% &7, which requires

1 do

adh ’

Since the left-hand side of (62) is typically 0.01, (see the curve fit
(15)), we see that (62) holds except when &, ~ 0.01 and the pipe
is almost full of sand. The neglect of the variation of 8 with z in
(61) can be justified similarly. Note that the energy Eq. (61) implies
that the viscous pressure gradient 9p(9)/dz is merely modified by a
Bernoulli term, which, using (59), can be written as

Re oW’ Re 0A d pa‘,

70z Pwa "Ry, (63)
where W' = dh/dz is the local bed slope and where we have used
(4) to define
Iy B IA_ G

oz ~ Moh A (64)
The above approximations may be assessed by comparing the
above scaled pressure gradient with the exact first-order perturba-
tion dp(1)/dz computed numerically in Section 3. The comparison
is shown in Fig. 13. Pressure gradients at constant Q become in-
finite as h — 2, and Fig. 13 has therefore been plotted to show
Qapg‘l,)/az and Qdp(/dz. This is equivalent to considering flow at
fixed pressure gradient rather than at fixed volumetric flux.

We see in Fig. 13 that the pressure gradients determined via
the two routes are all but indistinguishable, the minor differences
originating in the neglect of the small term d8/dz and use of the
approximate correlations (15) and (17).

5.2.2. The ratio of the force C,T, on the bed to the force C,Tw on
the wetted wall

Eliminating the pressure gradient in the momentum Eq. (60) by
means of (61), we find the total shear force on the cylinder wall
and sand bed

ap©

0z
The first term on the right-hand side of (65) is the leading-order
force. The second term is the inertial correction, and we emphasize
that this term involves only leading-order quantities. However, the
area-averaged equation (65) tells us only about the inertial correc-
tion to the sum of the forces on the sand bed and on the wetted
cylinder wall. In a plane channel, it is known (by symmetry) that
the change in stress is shared equally over the top and bottom of
the channel, but here we have no such simplification. We propose
to estimate the inertial correction of 7, by assuming that the ra-
tio of the forces on the bed and the wetted wall, C,T,/CyTw, is
the same as the ratio of the leading order forces, Cbr(o)/CWt,(,f), as

CWTW+CbTb =-A—— +Re(,3 Ol)i (65)

0 0.5 1 1.5 2
h

Fig. 13. Scaled pressure gradient perturbation against bed depth h. —, —Qdp{})/dz
(64); - - -, —03p™M /dz computed numerically.
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Fig. 14. Scaled inertial bed stress perturbation against bed depth h. —- r(” (67);
--- 7\ computed numerically.

given by (37). With this assumption, the inertial correction to the
bed shear stress is

WRe 7T — T(O) Re (B —a) ow (66)
Thav = Cr“’) 70 0z’
bTp +CwTy

from which, using (59) and (4), we find

—o _B-a _ GT) _p-mie sin® 8, — 8w sin28,,)
bav™ T A2 bel(,o) +CTO - Sw (28 — sin26,,)3

(67)

Fig. 14 compares the above shear stress 71 with the exact first-

b,av

order correction T,”’ as computed numerically in Section 3, with
both curves multlphed by @ as in Fig. 13. The agreement is excel-
lent, except for h < 0.5. This is the range of h for which the ap-
proximation that the ratio of the perturbed bed and wall stresses
equals the ratio of the zeroth-order bed and wall stresses is poor-
est (see Fig. 12).

=(1)

6. Sand bed dynamics and stability
6.1. The equations governing sand bed dynamics

We collect together here the set of area-integrated equations
governing the sand bed dynamics, for slow variations of the bed
surface. We emphasize that these equations are consistent up
to O(e) and that they involve only the leading-order, parallel
flow solution of the full problem. The equations have been non-
dimensionalized using the length, velocity and stress scales intro-
duced at the beginning of Section 5, together with the Reynolds

number (19). Within the quasistatic assumption, incompressibility
(59) implies
Aw=1, (68)
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and gives the mean velocity w(z) for given bed profile h(z), via the
geometric relations (1-3). The kinetic-energy equation then pro-
vides the pressure gradient (61)

op _ ap® Re OW*

39z = 0z 7/37 9z ° (69)

where the leading-order pressure gradient dp© 9z = —1/Q(8.) is
obtained from Egs. (7)-(9). The momentum equation then provides
the total force on the pipe wall and sand bed (65)

ap©
3z
with the shape coefficients « and B taken from the correlations
(15) and (17).

In order to predict motion of the sand bed, we need to know
the stress 7, = ?l(’()) +h Re?;l];v acting on the bed, rather than the
total viscous force G, Tw + C,T}, acting on the bed and wetted pipe
wall. But the stress ?1(70) over a flat bed is known from (11):

CoTw +GTp=—-A +Re(B — oe)aa—?, (70)

7O _

1 sin 8y,
= — —cosdy |, 71
’ 2Q(8W>( Sw ) oy

and the approximation discussed in Section 5.2 gives us the stress
perturbation (67) due to the non-zero slope:

_ 4(2sin® 8,y — 8y SiN28,)
(1) w w w
T, =P -« -
bav = (B ) Sw (28, — sin268,,)3
We now turn to the equations governing the slow time evolu-
tion of the sand bed, as presented in Section 4. Mass conservation
of the bedload layer (48) gives
oh  9q
otz
where ¢ is the sand flux per unit bed width (non-dimensionalised
by Q/R). This flux obeys the relaxation Eq. (44)

(72)

,Cot 8y _ _
sin 8y q=0. 73

aq _ _
Lsat% = QSat(Tb) —q, (74)
with the dimensionless saturation length (45)
— (d/R)?

Lsat =CTp Vfall/W (75)
and the empirical saturated sand flux (42)

(sat Ty [ Tp /
== = 2| =% — 61 +h cot , 76
qref Tref (Tref [0( X)> ( )
where
Gop = S Vid —__ (pp — p)gd

ref 6(1 _¢) WR*’ ref T’IW/R ’

0o = 0.12, x =25°. (77)

An illustration of the use of the above equations is given in the
next section.

6.2. Stability of the flat sand bed

The above fluid and particle equations admit a steady and uni-
form solution, with height hg, bed shear stress g :?1(70) (hg), and
particle flux qg = gsat(tg). We now consider that this base solution
is perturbed so that the bed height is given by the real part of

h=hy+ Ehleik(zfa). (78)
The mean stress on the bed becomes
Ty =Ty (h) + W'Re T} (h) (79)

= 79 + €11 4 higher order terms, (80)

with
T
0= ( h

where the derivative of ?I()O) is evaluated (at h = hy) by means of

the analytic result (11), and ?1()1;\/ is given by Eq. (72), again eval-
uated at h=hy. The corresponding saturated flux is G5 = qo +

€Qsar1€KE D) with

+ ikRe rg?;v) hi. (81)
Q

8asat
an

where the last term accounts for the effect of gravity for non-zero
slope. The actual sand flux is § = qq + €q;e*@) with, from (74),

aqsat

37, 71 + ikh,

(satg = (82)

_ Asat1
D= T ikl (83)

Finally, the particle conservation Eq. (73) gives the dimensionless
complex wave velocity

1 cot Sy,
=7 —qoz: .

hy Sin 8y
With the above relations, and the derivatives of g, evaluated from
(76), we obtain

c

(84)

c _ 270/ Tref — G0 T ik 6,0 cot x Qo cot Sy
ref/ Tref I hy 1 + ikLgat 0 Gref/ Tref SIN Oy’
(85)
where by (77)
q CqTT d 2
ref q
— = = 1 86
Tt 108(1 — ) (R) «t (5

which is small since the particle diameter d is small compared to
the pipe radius R.

The real part ¢; of ¢ is the wave velocity (scaled by the ve-
locity W = Q/R?), whereas kc; is the growth rate (scaled by the
time R/W). Fig. 15 displays ¢ and kc; versus wavenumber, for
Lsat = 0 and the dimensionless parameters given in the figure cap-
tion. These numbers correspond, for example, to a pipe of radius
R=0.02 m, with oil flow (W =Q/R?=0.1 m/s, p =103 kg/m3,
w = 0.1 Pa s) over sand grains (d = 0.2 mm, pp = 2600 kg/m?, ¢; =
0.85). In the absence of the stabilizing effects of gravity (cot x =0,
dashed curves), the wave velocity is constant (Fig. 15a), whereas
the growth rate kc; is positive for all wavenumbers and increases
quadratically with k (Fig. 15b). (If higher order terms were included
in the long wavelength expansion, the growth rate would eventu-
ally decrease and become negative for high wavenumbers (Charru,
2006).) At any given flow rate, the growth rate kc; is higher for
h =1 (curves with squares) than for h = 0.5 (curves with circles),
as expected. Including the effect of gravity (cot y = 2.1, solid lines)
has no effect on the wave velocity, while its diffusive effect (which
scales as k%) simply changes the curvature of the curve showing
the growth rate. For h = 0.5 (curve with the square), gravity stabi-
lizes all wavenumbers, whereas for h = 1 (curve with the circle), it
merely decreases the growth rate.

Fig. 16 displays the effect of Lsa, for h = 0.5 and cot x =0 (no
gravity stabilization) and with other parameters as in Fig. 15. The
wave velocity (Fig. 16a) appears to be weakly affected by Lg,t.
The growth rate (Fig. 16b) is more sensitive: for Lgy; = 0 (dashed
curve), it is as in Fig. 15; for Lsyc = 0.085, it is reduced but re-
mains positive (solid line); a relaxation length five times larger
(i.e., Lsat = 0.425) stabilizes all wavenumbers (dashed-dotted line).
These results can be understood from Eq. (85) which gives, still for
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Fig. 15. (a) Wave velocity scaled by Q/R?, and (b) growth rate scaled by Q/R?, for h = 0.5 (o) and h =1 (0). - - -, cot x = 0 (no gravity effect); —-, cot x = 2.1. Dimensionless

parameters: h = 0.5, Re = 20, qur = 2.7 x 1073, 6,9 = 0.12 and Lgy = 0. The Shields number is 7y/T;er = 0.31 for h = 0.5, and 7o /T.s = 0.68 for h = 1.
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Fig. 16. (a) Wave velocity scaled by Q/R?, and (b) growth rate scaled by Q/R?, for Ls = O (dashed line), Lsyx = 0.085 (solid line) and Lg = 5 x 0.085 (dashed-dotted line).

Parameters as in Fig. 15, with h = 0.5 and cot x = 0 (no gravity effect).

cotx =0,
ke 270/ Tret = 00 [ 12pam(h) 127 OTh
= k“Ri — kL 87
Qref/rref 1+ (kLsat)2 € Tb,av sat oh ( )

Q

The growth rate is the sum of two terms: a positive part pro-
portional to Re?lgla)v, arising from fluid inertia, and a negative
part proportional to Leat arising from the relaxation effect. Both
terms increase monotonically with wavenumber, with the same
functional dependence. Hence, Ls;; does not provide any cutoff
wavenumber. Such a cutoff would arise with the next order in-
cluded in the long wave expansion, which would weaken the
quadratic increase of the inertial term, as mentioned above.

We have checked that use of the exact first-order bed shear
stress computed numerically in Section 3, rather than the analyt-
ical approximation (72), does not change the velocity and growth
rate: the curves in Fig. 16 are indistinguishable.

Finally, some comparison with experimental results is appro-
priate here. Let us return to the case of zero gravitational and re-
laxation effects (cot x =0, Lsat = 0). The growth rate predicted by
(85) then reduces to

kc;
ref/ Tref
Since ?l(]]) > 0 (see Fig. 14), Eq. (88) shows that the bed is unstable

,av
as soon as the stress 1y = 7,9 = T,ffro and particles begin to move.

At this threshold the pressure gradient is T;0[(=9p®/02)/7o],
where the ratio of the pressure gradient to bed stress is, by (11),
-9p©/9z 28w

To ~ sindy — Sy cOS S

= sze (ZTO/Tref - etO) ?(1)

b.av*

(88)
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Fig. 17. Ratio (89) of the pressure gradient —9p®/dz and the average bed stress
To on the flat bed, against bed depth h. Squares [J and triangles v represent scaled
data from Figs. 5 and 6 of Takahashi and Masuyama (1991).

shown in Fig. 17. For any given sand (i.e., fixed 7,), the curve
in Fig. 17 shows (to within the constant of proportionality 7,q)
the pressure gradient required to create motion of the bed of
sand, as a function of the bed depth h. Also shown in Fig. 17
are scaled experimental data for the pressure gradient at which
the bed becomes unstable, taken from Figs. 5 and 6 of Takahashi
and Masuyama (1991). The data correspond to particles of crushed
rock (diameter 2.18 mm and specific density 2.74) in pipes of
diameter 2R =49.7 mm (squares) and 2R = 39.7 mm (triangles).
Assuming a Shields parameter 0.066, we multiply the measured
hydraulic gradients by factors of 100 and 80, respectively, to obtain
the non-dimensional data in Fig. 17. Although both experimental
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and theoretical critical pressure gradients increase with bed depth
h, the experimental values increase somewhat more rapidly: we
have no explanation for this. We may re-write (89) to give the di-
mensional pressure gradient required for particles to move (and
the bed to be unstable) when the bed stress is Ty = Tyefs0:

ap® ( @) _ 28w (pp—pled
9z \R*) ™ sindy — 8, COS Sy R t

where 6; is the Shields parameter (41).

Including the effects of gravity and bedload relaxation (cot y #
0, Lsar # 0) would make little qualitative change to the above re-
sults (although the critical Shields number for instability might
now be larger than 0). Any attempt to make a more detailed
comparison between theory and experiment would strongly de-
pend on the choice of the saturation length, which controls the
most amplified wavenumber and is still known only poorly (Charru
et al,, 2013).

(90)

7. Summary and conclusions

We have extended existing analytic results for flow over a uni-
form sand bed, in order to predict the flow corrections that oc-
cur when the height of the sand bed is no longer uniform along
the length of the pipe, namely: (i) the Stokes secondary flow in
the cross-section and (ii) the inertial longitudinal flow. (Note that
secondary flows do not occur for laminar plane flow above a uni-
form sand bed.) In particular, the inertial correction to the stress
depends not only on the height h of the sand bed, but also on the
bed slope h'. As a result, the stresses acting on a bed perturba-
tion of the form h o sin(kz) need not be in phase with h, and bed
instabilities can occur. A noteable result, useful for practical pur-
poses, is that the relative contributions of the mean inertial stress
over the bed and over the wall to the total inertial force on the
fluid can be accurately estimated from the leading-order, parallel
flow calculations.

Various restrictions have been noted in the course of the anal-
ysis. The unperturbed flow above the unperturbed, uniform sand
bed must be laminar, which requires the Reynolds number pQ/(Rn)
(19) to be below the threshold for turbulence. The non-circular
form of the fluid cross-section suggests that this criterion should
be based on the hydraulic diameter and thus the lengthscale R in
the Reynolds number should be replaced by the wetted perime-
ter G, + Cw (2). The restriction that the perturbed flow should be
laminar requires only h’'Re « 1, where the bed slope K, typically
O(d[R), can be considered arbitrarily small in a stability analysis.
This condition is therefore automatically satisfied when studying
the onset of instability. Finally, we have assumed that the stress
on the surface of the bed is such that there is a thin bedload layer
of moving particles, rather than a completely static bed or a thick
layer of suspended particles. This marks the changeover between a
static bed and the moving bed that we have shown to be unstable,
and occurs at the pressure gradient given by (90).

The area-averaged model of Luchini and Charru (2010a), com-
bined with the approximation for the distribution of stress pertur-
bations over the pipe wall and sand bed, leads rapidly to predic-
tions of the average stress perturbation on the sand bed, without
the need for the full analysis of Section 3. Although these area-
averaged predictions require only knowledge of the leading-order
parallel flow solution for the fluid flow, they are valid up to first-
order in the small-slope parameter. The predicted perturbations of
the pressure gradient and bed stress are very close to those com-
puted from the full perturbation equations.

The averaged equations, which include the kinetic-energy equa-
tion as well as the equations of continuity and momentum, form a
closed set of consistent 1D equations which should be useful for
predicting sand motion in long pipes, e.g., in the petroleum in-

dustry. In particular, they provide a rapid route for predicting the
growth of instabilities of the sand bed. The results may equally
well be applied to other problems that depend upon the shear rate
at the bed/liquid interface, e.g., heat transfer. Since the dynamics of
the sand bed are slow, the bed has been assumed quasi-static, but
as long as the rate of growth of instabilities is small, there is no
reason why the bed cannot be replaced by viscous fluid, thereby
enabling an investigation of the rate of growth of instabilities on a
fluid/fluid interface.
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Appendix A. Flow over a uniform sand bed
A.1. The axial velocity

Stratified flow of two fluids in a pipe has been well stud-
ied (Bentwich, 1964; Ranger and Davis, 1979; Brauner et al.,
1996; Biberg and Halvorsen, 2000). We follow the presentation of
Biberg and Halvorsen (2000), with slightly different notation, since
here we consider solid (at rest) and liquid, whereas Biberg and
Halvorsen (2000) were interested in the flow of liquid and gas.

We use a bipolar coordinate system (&, ¢), as described by
Biberg and Halvorsen (2000), with

_ Rsinéysinh§
~ coshé& +cos¢’

Rsindysin¢

y= cosh& +cos¢” (o1)

Note that this is not the standard definition used by others. The
surface ¢ = 0 corresponds to the sand/liquid interface, ¢ = 6, cor-
responds to the wetted wall of the pipe, and { = -8, < 0 corre-
sponds to the portion of the pipe wall in contact with the sand
bed. The scale factors for this coordinate system are

Rsindy,
hy =he = cosh& + cos¢ (92)
and the Jacobian is
A(x, R?sin? §
] *xy) w (93)

T 9. Q) (cosh& +cos{)?’

To find the liquid velocity we need to solve the Poisson Eq. (5).
A particular solution of (5) is

G GR? sin 8, sin(8y, — ¢)
p_ o (p2_ 2\ _ b w
W _4n(R r)= 2n(cosh& +cos¢)

which corresponds to Poiseuille flow along a pipe in the absence of
any sand bed. This velocity field (94) satisfies the no-slip boundary
condition on the pipe wall ¢ =y, but not on the surface of the
sand, ¢ = 0. To remedy this, we seek a solution w = w" of the ho-
mogeneous equation V2w" = 0, with values on the boundary such
that wP +w" satisfies both the governing Eq. (5) and the no-slip
boundary conditions.
In the bipolar coordinate system, w" satisfies the Laplace equa-
tion
2wh  92wh
[ _l’_ [
0&2 ag2

and the no-slip condition on the pipe wall becomes

(94)

-0, (95)

h

w'=0 on ¢ =dy. (96)

In order that wP +w" satisfies the no-slip condition on the
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interface ¢ = 0, we require

N GR? sin? 8,, GR? sin? §,,

~ " 2n(1 +cosh&) — ~ 4ncosh’(£/2) n¢=0. 67
We now take Fourier cosine transforms, using
- 2 [
f@) =2 [ 1(¢)coswt at, (952)
fE) = /o " F(w) cos wé da. (98b)

The Fourier transform of the Laplace Eq. (95) gives
92wh
a¢g2
The boundary condition (96) on the pipe wall becomes

W'=0 on ¢ =8y,

— w*Wy, =0. (99)

(100)

and the boundary condition (97) on the sand bed transforms to

GR? sin® § w
~h w _
wt = ” (sinhwn) on¢ =0, (101)
where we have used the relation
2 o 2 w
;./0 sech”(£/2) cos wé dé = Sohor: (102)

Solutions of the transformed Laplace Eq. (99) that satisfy the no-
slip boundary condition (100) on the pipe wall take the form
_»_ GR?sin’ 8, wsinh[w (3w — ¢)]

W= n sinh wdy, sinhwr - (103)

Taking the inverse transform (98b) of (103), and combining with
the particular solution wP (94), of (5), we find

W WP wh = GR*sindwsin(éw —¢)  GR? sin® 8,

27(cosh& +cos¢) ;
o a)sinh[w((sw _ g-)]
’ /0 <51mlcw3wsmhwr) coswé dw.  (104)

A.2. The volumetric flow rate

Ranger and Davis (1979) evaluate the volumetric flow rate Q in
a two-fluid system, and so here we merely indicate how the anal-
ysis proceeds when the bed of sand is at rest.

The expression (104) for the liquid velocity w consists of two
terms. The first, wP, is simply Poiseuille flow through a pipe of
radius R, and the corresponding contribution to the flow rate can
be obtained by integration using polar coordinates (r, V). If §y <
/2, we define r; = Rcosdy/ cosir and determine the volumetric
flow rate

QP £fogwdl// /rR(Rz—rz)rdr

2n
GR4 sin4é, 2 .

If 8, > /2, we perform this same integration over the region oc-
cupied by the sand. The integral over the entire circular cross-
section is GR*/(8n), and so the integral over the region occupied
by liquid is
GTR* GR* [
- =13,
8n  8ny

sin4d, 2

3 3sin 28b:|.

(106)

Setting &, = m — 8w, we see that (106) is identically equal to the
expression (105) for QP, which therefore holds for all dy,.

We now consider the second term u” in the expression (104)
for w, with a contribution to the volumetric flow rate

o — GR? sin? §,, de > R2sin*$,, d&
- n /0 5/_00 (cosh& + cos¢)?

* (wsinh[w(§y — ¢)]
X /0 (smhaﬁwsmhwn cos w& dw. (107)
We note that
1 [~ sinacos(x§)dé  sinhax
E/o (cosh& t cosa) _ sinhzmx’ T (108)

Dividing both sides of (108) by sina and differentiating with re-
spect to a, we obtain

1 f°° sinacos(x§)d§é _ xcoshax  cosasinhax (109)
7 Jo (cosh&é +cosa)? ~ sinasinhzx  sinasinhwx
Straightforward manipulations eventually lead to
4 cint
Q":GR sin 8W|:cot8w_l] (110)
n 6
where
00 3
12/ y'ra) cosh.w&,zvdw‘ (111)
o sinhwd, sinh” wm
The total volumetric flow rate is therefore
GR*| § sin28 sin4s
—QP4Qh= 2 | 2w _ 272 2w it §,0
Q=0"+Q n[S 2 % sin W]
GR* +
= TQ((SW). (112)

The integral I (111) can be evaluated numerically, but it proves
useful to have an approximate, analytic expression. If §,, « 7 (pipe
nearly full of sand), the convergence of I is ensured by the expo-
nential term sinh2w in the denominator. We appeal to Watson’s
lemma and expand cothwd,, as a power series in wdy. The term
by term integration of (111) can be performed using

0 Zmd 2m
/ X X T (1]3)
0

=~ Boml,
sini®ax @
where the Bernoulli numbers B, = 1/6, B4 = —1/30, Bg = 1/42,
Bg = —1/30. This gives the asymptotic expansion

1 Sw Sw )

w
65, 790 1800 TTas T T

I~ Ismall = (“4)
The relative error (Isy,a; —1)/I <0.019 for 8w < 2.22, and is only
0.17 even when &,, = . However, in the expression (112) for Q, I
is multiplied by sin?8,,, and makes a negligible contribution to Q
in the limit §,, — m. The estimate Qyy,; obtained using the ap-
proximation I, has a relative error |Q — Qgpnanl/Q < 0.0034.

When 6y« 1 the height of the sand bed is hx
R(2—-68%/2+--). Expanding (112), and using the expansion
(114), we find

772
GR* , GR' ;, h

However, the case §, <« m when there is only a little sand at
the bottom of the pipe is important, and it is desirable to know
how the pressure gradient is changed by the presence of a small
quantity of sand. We therefore seek an expansion of the integral in

(115)
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(110) about the limit §, = 7 — §w < 1, using

wd coshmw
coth(wm — w8y) = cothwm + b 252 — ——

b sinh® T
(116)

sinh” wm

We again appeal to Watson’s lemma to expand the integrand in
(111) and integrate term by term, which leads to the approxima-
tion

1 1 1\ o/ 5 1
I”Ibig‘EMb(W_E) 8(127r3 36n)+”"
Sy =T —S8w KT (117)

In the limit §, « 1, the depth of the sand bed is h wR(Sg/Z. Ex-
panding (112), and using (117), we find

o~ GR (T8 CGRY(m 1(2n\"?
an 8_76 4. an 3 &\ ® NI
(118)

The asymptotic expansion Iyg is only useful for small values of §j,
with (I - lig)/I < 0.019 for §y > 2.22.

One might suppose that modern computational power has
eliminated the need for simple approximations such as those pre-
sented above. Nevertheless, they remain useful, for example when
using iterative methods to solve inverse problems in which the bed
height h is unknown (Biberg, 1999, 2002). In Section 3 we need the
derivative dQ/dh, and this can be found easily and rapidly, with ad-
equate accuracy, by differentiation of (110) and of the approxima-
tion (114).

A.3. Wall shear stress

The shear stresses on the circular wall of the pipe (¢ = dw) and
on the flat sand bed (¢ = 0) are discussed by Biberg and Halvorsen
(2000). Both of these surfaces are surfaces of constant ¢, so the
shear stress is

_ndu
Tez = hg 9C (119)
with scale factor h, given by (92). Hence

_GR sin(Sy — &) sin¢ cos(Sw —¢)
Tz = o (cosh§ + COS§)|:(cosh$ +c0s¢)2  cosh& +cos¢

+ GRsin §y,(cosh & + cos¢)
x /oo (wz coshlw (b, — ()]) cos wé dw.
0

sinh wé,, sinh wm

(120)

The total force on the sand bed, ¢ =0, is

Rsindy,
2/ cosh& +cos¢ |{=0d§

2w? cosh ws,,
_ 2
=GR sin” 8, / dé/ sinh w8, sinh wr
B GiR2 * sin2§,, d&

2 Jo cosh&é+1°

To evaluate the first integral in (121), we set @’ =0 in the inver-
sion rule for Fourier cosine transforms,

cos wé dw

(121)

7 2 %%
flw') = ;/0 /0 f(w) cos(w'€) cos(wé) dew dé, (122)
to obtain

@? cosh w8y, 1
/ e / sinh w3y sinhor wf dw = 25, (123)

The total force on the sand bed (121) is therefore

.2 .
— CR? sin” 8y B sin 28y, (124)
Sw 2
and the mean stress is
_ R GR (sin®68, sin28y
Tb_CTJ_ 25in8w< Sw 2 : (125)

The total force on the wetted portion of the circular wall is
Rsiné,,

Fw = _2/0 cosh& + cos¢
_ /°° GR?siné,, d&
o coshé& + cosédy

© 2w?coswé dw
_ 2
GR? sin” 8, / dé/ sinh wd,, sinh wr

T{Z}c=5w ds

(126)

After again using the inversion result (122), we find that the force
on the wall is

.2
F, = GR2 <8W _sm 8‘”) (127)
Sw
and the mean stress is
_ _F _GR _sin® 8y
The total force on the boundary of the liquid is
F, + Fy = GR? <5W - 51“225W> = GA, (129)

where A (1) is the cross-sectional area of the liquid-filled portion
of the pipe.

When 8, « 1 and the pipe is almost full of sand, we see from
(125), (128) and (115) that

82 G

Tp~ Ty~ GR —~—(2R h). (130)

A.4. A pipe with no sand

When there is no sand at all, the fluid velocity in the pipe is
the Poiseuille parabolic velocity profile (94). The volumetric flow
rate is Qns = 7GR*/(8n) and the mean velocity is

W Qns GR?

V=T TR ~ 8y (131)
The mean squared velocity is
— 2dS  G*R*

7 JwdS _
w? = A " asnp (132)
so that

w2 4

Similarly
—  [wPdS GRS w3
w3 = . P and fps = 7 =2. (134)

A.5. A pipe almost full of sand, §,, <«

When §,y « 1, we may approximate the thin space occupied by
liquid as a thin slot with local height
R

x/R)?]. (135)
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The cross-sectional area A (1) of the portion of the pipe filled with
liquid is

; 253
A=Re|s, — SN20w | 2R s g (136)
2 3
The fluid velocity in a uniform slot of height H is
G
= ﬂy(H =-¥). (137)
with local volumetric flow rate
H GH3
q:f wdy = —. (138)
y=0 ]27]
The total flow of liquid in the thin slot is
RS RSw 3 4
w GR 573 GR
Q= z/ q(x)dx_z/ 8 - /R dx = 58]
(139)

in agreement with the limit (115) found previously. The mean ve-
locity is

WR>  Q _ GR28%

Further straightforward integration leads to
— 2dS  G2R488 w2 140

7o JwdS voand o= = 20 141
W A 34652 M YT 2T 99 (141)

so that, after scaling by the value s (133) for Poiseuille flow in a
circular cylinder with no sand,

o 35

== 1.0606 . (142)
Similarly
3 3p6 512 3

— _ [wdS _ G’R%); ~ w3 980

W A =~ o507 M P=5=5o (143)
so that

B 490

= a9 1.14219. (144)

The first-order inertial pressure gradient perturbation can be
obtained from the rate of change of kinetic energy (Luchini and
Charru, 2010a):

op™ _ Q[BAW] :_3[735/@3}

0z 0z 0z | 286R488,
_ d8,22050Q° _ ,2205,0Q3. (145)
dz 143R48] 143R558,
Hence
apth (Qp) 21GH (Qp) Gh’ 21 (146)
0z 1435, (2-h/R)'? 1432

The first-order inertial correction to the momentum balance gives
oapav a
0z~ 0z

In the limit §,, — 0, the mean inertial stress perturbations on the
two sides of the slot become

— = ap A Qp
1) _ =) _ /
o =T = Y ams, T\ 'y )R g6

Qp ,4V2 1/2
<R2)7>GRh429(2 h/R)"/=.

GTy" +CuTy) —A [pAW2]. (147)

(148)

The maximum slot height, at x =0, is

Hmax = 2R —h =R82/2, (149)
and the maximum velocity is

GH? 105
Wmax = DX = < . (150)

8n  32R253

From the scaling (146) for ap(1)/dz as 8, — 0, we conclude that

ai _ [ QP Q
v <R2 )h R84

Thus, as 8, — 0, the inertial correction w) increases more
rapidly than the maximum value wmax (150) of the unperturbed
velocity w(© | and the perturbation expansion (20) eventually fails.
Although our Reynolds number (19), based on Q/R?, is constant, a
Reynolds number based on the axial velocity within the sand-filled
pipe becomes large as the area A (136) available for flow becomes
small.

(151)

Appendix B. Assessment of the quasi-static assumption

The stability analysis of Section 6 was performed under the
assumption of quasi-static flow, with time appearing only in the
boundary condition at the bed. This assumption appears justified
a posteriori in view of the smallness of the growth rate, of order
10-5W/R, which means that the time scale of bed variations is 106
larger than the hydrodynamic time scale R/W. As a further con-
firmation, we evaluate here the correction to the complex wave
velocity related to the flow unsteadiness.

The perturbation in bed height h; (78) grows as e~k and the
velocity of the bed surface is

dh
ot
There must in consequence be a perturbation Q; of the volumetric
flow rate of liquid, satisfying

% = 2sind,(1 —¢)—

= —ehyikcekE®), (152)

—25ind,(1 — ¢)ehyikc e @D,
(153)

where the factor 2sind, represents the (non-dimensional) width
of the sand bed in the x direction, and the factor (1 — ¢) takes
account of liquid that is trapped in the newly created pores in the
growing bed of sand. We integrate (153) to obtain

Q1 = —25sin8,(1 — ¢p)ehycekE<D, (154)

Since in laminar flow the mean stress 7 is proportional to the
flow rate Q, the mean stress is perturbed by this change in flow
rate, and becomes

To(1+ Q). (155)
In consequence, an additional term

22 - .
—Mw sind, (1 — ¢)c. (156)

1 + ikLgat

is added to the right-hand side of Eq. (85) for ¢, and this term is
small compared to other terms in (85) when c is small.
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